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Abstract
This paper deals with the study of closed images or quasi-perfect images of Nagata spaces, contraconvergent spaces, weak
contraconvergent spaces, ks-spaces, γ -spaces and wγ -spaces and, of metrization theorems involving these spaces. We prove that
the closed images of contraconvergent (weak contraconvergent) spaces are contraconvergent (weak contraconvergent) and that
quasi-perfect images of γ - (wγ -)spaces are γ (wγ ).
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1. Introduction and definitions
In Section 2, we consider closed images of contraconvergent spaces [29] and ks-spaces [33] (ks-spaces are equiv-
alent to k-semistratifiable spaces in the realm of T2-spaces). We show that the closed image of a contraconvergent
T1-space is contraconvergent and that every ks, Fréchet space is contraconvergent. Lutzer [21] showed that the closed
image of a paracompact k-semistratifiable space is k-semistratifiable. Mohamad [27] showed that the closed image of
a regular ks-space is ks. We prove that the image of a ks-space by a closed, sequence-covering map is ks, the closed
image of a ks, Fréchet T1-space is ks and that the finite-to-one closed image of a Nagata space is Nagata. We also
prove that every ks, q, regular space is a Nagata space.
In Section 3, we define the class of weak contraconvergent (= wcc) spaces which contain the class of MCP
spaces [10] or contraconvergent spaces [29] and are contained in the class of β-spaces. And we prove that the closed
images or the pre-images by quasi-perfect maps of wcc-spaces are wcc-spaces. We also prove that the class of wcc-
and q-spaces are equivalent to the class of wN-spaces. Moreover, we show that every boundary of fibers of a closed
map from a wcc-space onto a q-space is countably compact.
In Section 4, we introduce the concept of strongly α-spaces which contain the class of paracompact spaces with Gδ-
diagonals and are contained in the class of α-spaces. We prove that every strongly α, wcc-space is k-semistratifiable
and every strongly α, wcc, wθ -space is metrizable.
In Section 5, we show that the quasi-perfect images of γ - (wγ -)spaces are γ (wγ ) and that the open closed images
of γ - (wγ -)spaces are γ (wγ ).
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set of natural numbers is denoted by N. Finally, we refer the reader to [7] for undefined terms.
Definition 1.1. For a space X, a structure ({gn(x)} | x ∈ X) is called a g-structure if gn(x) is an open neighborhood
of x and gn+1(x) ⊂ gn(x) for any x ∈ X and every n ∈ N. For a subset A of X, we put gn(A) =⋃{gn(x) | x ∈ A}.
We now consider the following conditions on a g-structure G = ({gn(x)} | x ∈ X) of a space X.
(A) If gn(x)∩ gn(xn) = ∅ (n 1), then x is a cluster point of {xn}n.
(B) If gn(x)∩ gn(xn) = ∅ (n 1), then {xn}n has a cluster point.
(C) If x ∈ gn(xn) (n 1), then {xn}n → x and if H is closed in X, then ⋂n1 gn(H) = H .
(D) If yn ∈ gn(xn) (n 1) and y is a cluster point of {yn}n, then y is a cluster point of {xn}n.
(E) If yn ∈ gn(xn) (n 1) and {yn}n → y, then {xn}n → y.
(F) If x ∈ gn(xn) (n 1), then {xn}n → x.
(G) If x ∈ gn(xn) (n 1), then {xn}n has a cluster point.
(H) {x} =⋂n1 gn(x) and gn(y) ⊂ gn(x) if y ∈ gn(x).
(I) If yn ∈ gn(p), xn ∈ gn(yn) (n 1), then p is a cluster point of {xn}n.
(J) If yn ∈ gn(p), xn ∈ gn(yn) (n 1), then {xn}n has a cluster point.
(K) If yn ∈ gn(p), xn,p ∈ gn(yn) (n 1), then p is a cluster point of {xn}n.
(L) If yn ∈ gn(p), xn,p ∈ gn(yn) (n 1), then {xn}n has a cluster point.
(M) If xn ∈ gn(x) (n 1), then {xn}n has a cluster point.
A T1-space satisfying (A) is called a Nagata space [3,13], a space satisfying (B) is called a wN-space [16] and G is
called a Nagata structure (a wN-structure, respectively). A T1-space satisfying (C) is called a stratifiable space [2,12]
and G is called a stratifiable structure.
It is well known that a space is stratifiable if and only if it is M2 and that the closed image of a stratifiable space is
stratifiable [2,11].
A space satisfying (D) ((E)) is called a contraconvergent space [29] (a ks-space [33], which was called a strongly-
quasi-Nagata space in [17]) and G is called a contraconvergent structure (a ks-structure, respectively). A space
satisfying (F) is called a semistratifiable space [6] and G is called a semistratifiable structure.
Hodel [15] called a space satisfying (G) ((H)) a β-space (an α-space, respectively) and proved that a T2-space is
semistratifiable if and only if it is a α- and β-space. It is known that every closed image or finite-to-one open image
of a semistratifiable T2-space is semistratifiable [9, Theorem 2.1].
Moreover, a space satisfying (I) ((J)) is called a γ -space [16] (a wγ -space [16]) and G is called a γ -structure
(a wγ -structure, respectively).
A space satisfying (K) ((L)) is called a θ -space [16] (a wθ -space [16]) and G is called a θ -structure (a wθ -structure,
respectively). Finally, a space satisfying (M) is called a q-space [23] and G is called a q-structure.
Every wθ -space or wN-space is a q-space.
We now define a k-semistratifiable space by a equivalent condition [8, Theorem 3].
Definition 1.2. A space X is a k-semistratifiable if X has a g-structure ({gn(x)} | x ∈ X) such that if K ∩ F = ∅,
where K is compact and F is closed, then K ∩ gm(F ) = ∅ for some m ∈ N.
We begin with some statements which are necessary to the sequel.
Proposition 1.3. (See [33, Proposition 3].) The following implications hold.
Nagata spaces ⇒ stratifiable spaces ⇒ contraconvergent spaces
⇒ k-semistratifiable spaces ⇒ ks-spaces ⇒ semistratifiable spaces.
Every ks-space is a σ -space [14] and the closed image of a regular σ -space is σ [12, Corollary 4.12], where
a σ -space is a space with a σ -locally finite network [28].
The next result follows from [4, Corollary 3.A.1], [16, Theorem 4.3].
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Corollary 1.5. Every quasi-perfect map defined on a ks (or γ ), T2-space is perfect.
Gao [8, Theorem 5] showed that every ks, T2-space is k-semistratifiable. Here, we give a simpler proof.
Proposition 1.6. Every ks, T2-space is k-semistratifiable.
Proof. Let ({gn(x)} | x ∈ X) be a ks-structure of X. Suppose that there exist a closed subset F and a compact subset
K with F ∩K = ∅ such that yn ∈ gn(F )∩K for each n ∈ N. Then F contains {xn}n such that yn ∈ gn(xn). Since K is
compact metrizable, some subsequence {yn(i)} of {yn}n converges to a point y of K and yn(i) ∈ gn(i)(xn(i)) ⊂ gi(xn(i))
(i  1). Therefore {xn(i)}i converges to y ∈ F , which is a contradiction. 
2. Contraconvergent spaces
Mizokami and Shimane [26] showed that every stratifiable k-space is M1. But, the space Y in [24, Example 10.1]
is an M1, Fréchet space which is not Nagata. The conditions for wN-spaces to be Nagata are studied in [18].
Theorem 2.1. For a T1-space X, the following conditions are equivalent.
(1) X is a Nagata space.
(2) X is a stratifiable, q-space.
(3) X is a contraconvergent q-space.
(4) X is a ks, q , regular space.
Proof. (1) ⇒ (2) and (2) ⇒ (3) follow from [26] and [11], respectively.
(3) ⇒ (4) Let ({gn(x)} | x ∈ X) be a contraconvergent and q-structure of X. We only show that X is regular.
Suppose that x ∈ U with U open in X and xn ∈ gn(x) \U (n  1). There exists a sequence {yn} such that yn ∈
gn(x)∩ gn(xn). Then {yn}n has a cluster point y and y ∈ {x} = {x}. Since yn ∈ gn(xn) (n 1), x = y is a cluster point
of {xn}n, which is a contradiction.
(4) ⇒ (1) Since X is semistratifiable, each point of X is a Gδ-point. Thus X is first countable [21, Proposition 3.3].
Therefore, X is a Nagata space by [33, Theorem 2]. 
With a view to studying closed images of ks-spaces, we first consider the closed images of contraconvergent spaces.
Let f be a map from a space X to a space Y and A be a subset of X. Then we put A∗ =⋃{V : V open in Y and
f−1(V ) ⊂ A}.
Theorem 2.2. Let f :X → Y be a closed map. If X is a contraconvergent T1-space, then Y is contraconvergent.
Proof. Let ({gn(x)} | x ∈ X) be a contraconvergent structure of X. Then for any point y ∈ Y and each n ∈ N, let
hn(y) = [gn(f−1(y))]∗. Then y ∈ hn(y) since f is a closed map and ({hn(y)} | y ∈ Y) is a g-structure of Y . Suppose
that vn ∈ hn(yn) (n 1) and q is a cluster point of {vn}n. We have two cases to prove that q is also a cluster point of
{yn}n.
Case 1. Let q = vn(i) for some infinite sequence {n(1) < n(2) < · · ·}. Choose a point x ∈ f−1(q) and for each
i ∈ N, put xi = x ∈ f−1(q) = f−1(vn(i)). Thus xi ∈ f−1(vn(i)) ⊂ gn(i)(f−1(yn(i))) (i  1), and for each i ∈ N,
xi ∈ gn(i)(zi) for some zi ∈ f−1(yn(i)). Thus xi ∈ gn(i)(zi) ⊂ gi(zi) (i  1) and {xi}i converges to x. Therefore, x is
a cluster point of {zi}i . Then, q = f (x) is a cluster point of {yn}n.
Case 2. Let q /∈ {vn | n  m} for some m ∈ N. Choose xn ∈ f−1(vn) ⊂ gn(f−1(yn)) (n  1). There exists a se-
quence {zn} such that zn ∈ f−1(yn) and xn ∈ gn(zn). Since f is closed, there exists x ∈ {xn | nm} ∩ f−1(q) and
x /∈ {xn | nm}. This implies that x is a cluster point of {xn | nm} since X is a T1-space and hence x is a cluster
point of {zn}n from xn ∈ gn(zn) (n 1). Consequently q is a cluster point of {yn}n.
Cases 1 and 2 imply that Y is contraconvergent. 
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Theorem 2.3. Let f :X → Y be a quasi-perfect map. If X is a contraconvergent space, then Y is contraconvergent.
Proof. Let ({gn(x)} | x ∈ X) be a contraconvergent structure of X. For any point y ∈ Y and each n ∈ N, let hn(y) =
[gn(f−1(y))]∗. Then ({hn(y)} | y ∈ Y) is a g-structure of Y . Suppose that vn ∈ hn(yn) (n  1) and q is a cluster
point of {vn}n. Then f−1(vn) ⊂ gn(f−1(yn)) (n  1) and there exist sequences {xn}, {zn} such that zn ∈ f−1(yn)
and xn ∈ gn(zn) ∩ f−1(vn). Let Ak = {xn | n  k} for each k ∈ N. Then {Ak} is a decreasing sequence and since f
is a quasi-perfect map, there exists p ∈⋂k1(Ak ∩ f−1(q)). Thus, p is a cluster point of {xn}n and therefore p is
a cluster point of {zn}n since xn ∈ gn(zn) (n 1). This implies that q is a cluster point of {yn}n. 
The following example shows that γ -spaces, θ -spaces and all spaces given in Proposition 1.3, are not inverse
invariant by perfect maps.
Example 2.4. Let X = N ×βN (N has the discrete topology) and p :X → N be a projection. Then, p is a perfect map
and N is completely metrizable. But, it is easily seen that X is a wN,wγ -space which is not first countable (thus X is
not θ ) and not semistratifiable (thus X is not α).
By the following theorem and Theorems 2.2, 2.3, it follows that the closed images of ks, Fréchet spaces are
contraconvergent.
Theorem 2.5. Every ks, Fréchet space is contraconvergent.
Proof. Let ({gn(x)} | x ∈ X) be a ks-structure of X. Suppose that yn ∈ gn(xn) (n 1) and p is a cluster point of {yn}n.
Since p ∈ {yn}n, some subsequence {yn(i)} of {yn}n converges to p, and yn(i) ∈ gn(i)(xn(i)) ⊂ gi(xn(i)). Therefore
{xn(i)}i converges to p, which implies that X is contraconvergent. 
Theorem 2.6.
(1) Let f :X → Y be a closed map. If X is a ks, Fréchet T1-space, then Y is contraconvergent.
(2) Let f :X → Y be a quasi-perfect map. If X is a ks, Fréchet space, then Y is contraconvergent.
By Corollary 1.5 and [21, Proposition 2.5], the quasi-perfect image of a k-semistratifiable T2-space is k-semi-
stratifiable.
I do not know whether the closed (even perfect) image of a ks, T1-space is ks.
Siwiec showed [30, Proposition 2.4] that every almost-open map defined on a first countable space is sequence-
covering (a continuous map f :X → Y is almost-open if for any y ∈ Y , there exists x ∈ f−1(y) such that y ∈ intf (U)
for every open neighborhood U of x). In [27, Theorem 3.3], Mohamad essentially proved the following result.
Proposition 2.7. Let X be a regular space each point of which is a Gδ-set, and let f :X → Y be a closed map.
(∗) If {yn} is a sequence in Y converging to a point y, then {yn}n contains a subsequence {yn(i)} such that {xi}i
converges to x for some xi ∈ f−1(yn(i)) (i  1) and some x ∈ f−1(y).
Proof. If y = yn(i) for some infinite sequence {n(1) < n(2) < · · ·} then the result is evident. Therefore, one can
assume that y /∈ {yn | n  m} for some m ∈ N. Choose xn ∈ f−1(yn) (n  1). Then, {xn}n has a cluster point x ∈
f−1(y) and any subsequence of {xn}n has a cluster point. Let {Gk} be a sequence of open neighborhoods of x such
that Gk+1 ⊂ Gk and x =⋂k1 Gk . There exists a subsequence {xn(k)} of {xn}n satisfying xn(k) ∈ Gk and x is a cluster
point of any subsequence of {xn(k)}k . This implies that {xn(k)}k converges to x. 
In [21, Proposition 2.5], Lutzer essentially proved that the compact-covering, closed images of k-semistratifiable
(hence, ks, T2-)spaces are k-semistratifiable. The following theorem shows that the sequence-covering, closed images
of ks-spaces are ks.
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Theorem 2.8. Let f :X → Y be a closed map satisfying condition (∗) of Proposition 2.7. If X is a ks-space, then Y
is ks.
Proof. Let ({gn(x)} | x ∈ X) be a ks-structure of X. For any point y ∈ Y and each n ∈ N, let hn(y) = [gn(f−1(y))]∗.
Suppose that vn ∈ hn(yn) (n  1) and {vn}n → q . Then {vn}n contains the subsequence {vn(i)} such that {xi}i → p
for some xi ∈ f−1(vn(i)) (i  1) and some p ∈ f−1(q). Since xi ∈ gi(zi) (i  1) for some zi ∈ f−1(yn(i)), {zi}i → p
and hence, {yn(i)}i → p. Hence, Y is a ks-space. 
Lutzer [21, Example 4.3] shows that the perfect image of a Nagata space need not even be a q-space. Also,
Example 3.11 below shows that the finite-to-one open image of a Nagata space is not wN. On the other hand, every
wN-space is preserved by a finite-to-one closed or a closed open map [10, Propositions 18 and 19]. Therefore, we
have the following result.
Theorem 2.9.
(1) The finite-to-one closed image of a Nagata space is Nagata.
(2) The closed, almost-open image of a Nagata space is Nagata.
Proof. (1) follows from Theorems 2.1 and 2.2 and (2) follows from [2, Corollary 3.2] since Y is first countable. 
3. Weak contraconvergent spaces
We recall the definition of a monotonically countably paracompact space in [10, Definition 1].
For convenience, we introduce the following notation: if (An)n1 and (Bn)n1 are two sequences of subsets, we
write (An) 
 (Bn) if An ⊂ Bn for each n ∈ N.
Definition 3.1. A space X is said to be monotonically countably paracompact (= MCP) if there exists an operator U
assigning to each decreasing sequence (Dj )j1 of closed subsets with empty intersection, a sequence of open subsets
U((Dj )) = (U(n, (Dj )))n1 such that
(1) Dn ⊂ U(n, (Dj )) for each n ∈ N,
(2) ⋂n1 U(n, (Dj )) = ∅,
(3) if (Dn) 
 (En), then U((Dj )) 
 U((Ej )).
Clearly, every MCP space is countably paracompact.
Definition 3.2. A space X is said to be weak contraconvergent (= wcc) if there exists a g-structure of X such that if
yn ∈ gn(xn) (n 1) and {yn}n has a cluster point, then {xn}n has a cluster point.
It is clear that every contraconvergent space is wcc.
Theorem 3.3. The following implications hold for a T1-space X.
(1) a wN-space ⇒ (2) an MCP space ⇒ (3) a wcc-space ⇒ (4) a β-space.
Proof. Since (1) ⇒ (2) is proved in [10, Proposition 6] and (3) ⇒ (4) is evident, we only prove (2) ⇒ (3). Let U be
an MCP-operator of X. For any x ∈ X and each n ∈ N, define Dnj (x) = {x} if j  n and Dnj (x) = ∅ otherwise. For any
x and fixed n ∈ N, (Dnj (x))j is a decreasing sequence of closed subsets with empty intersection. We can assume that
(U(k, (Dnj (x))j ))k is a decreasing sequence. Let gn(x) = U(n, (Dnj (x))j ). Next, suppose that yn ∈ gn(xn) (n  1)
and p is a cluster point of {yn}n. If {xn}n has no cluster point, then {xn}n is discrete in X. Let Ej = {xn | n  j}
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a decreasing sequence (U(k, (Ej )j ))k such that Ek ⊂ U(k, (Ej )j ) (k  1) and ⋂k1 U(k, (Ej )j ) = ∅. On the other
hand, for each n ∈ N,
yn ∈ gn(xn) = U
(
n,
(
Dnj (xn)
)
j
)⊂ U(n, (Ej )j
)
because (Dnj (xn))j 
 (Ej )j . Since U(n + 1, (Ej )j ) ⊂ U(n, (Ej )j ), we have that {ym | m  n} ⊂ U(n, (Ej )j ) and
therefore p ∈⋂n1U(n, (Ej )j ), which is a contradiction. Let hn(x) = g1(x) ∩ · · · ∩ gn(x) (n  1), then ({hn(x)} |
x ∈ X) is a g-structure satisfying Definition 3.2. 
But in general, none of the above implications are reversible.
Example 3.4.
(1) There exists a Moore (hence, semistratifiable and β [14]) space which is neither wcc nor ks.
(2) There exists a wcc-space which is not semistratifiable.
(3) There exists a wcc-space which is not countably paracompact, hence not MCP.
(4) There exists a countably paracompact space which is not β , hence not wcc.
(5) There exists an MCP space which is not wN.
Indeed, for the case (1), the Niemytzki space X is non-normal Moore. If X is wcc, then X is metrizable by the Corol-
lary 3.6 below, which is a contradiction. If X is ks, then X is Nagata by Theorem 2.1, which is again a contradiction.
For the case (2), βN is a wcc-space which is not semistratifiable.
For the case (3), there exists an irreducible closed map from a regular MCP space X onto a T2-space Y which is
neither countably paracompact nor MCP [10, Example 15]. But Y is wcc by Theorem 3.8 below.
For the case (4), the Sorgenfrey line is a paracompact γ -space which is not β [16, Example 4.3].
For the case (5), see the p. 286 in [10].
In [10], Good, Knight and Stares showed the results that a space X is wN if and only if it is MCP, q and X is
metrizable if and only if it is MCP, Moore or MCP, γ .
Theorem 3.5. X is a wN-space if, and only if, it is a wcc, q-space.
Proof. The “only if” part follows from (B) of the Definition 1.1 and, the “if” part is evident from the definitions of
a wcc-space and a q-space. 
Note that the Niemytzki space is a semistratifiable q-space, but it is not wN by Example 3.4.
We have the following results regarding metrizability of wcc-spaces. One can weaken wcc-spaces to quasi-Nagata
spaces [19,22,33].
Corollary 3.6. A T2-space X is metrizable if it satisfies any one of the following conditions.
(1) X is a wcc, developable space.
(2) X is a wcc, γ -space.
Proof. (1) Since X is first countable, it is a q-space. Thus X is wN and hence, it is metrizable by [16, Theorem 3.7].
(2) Since X is a wN, γ , T2-space, it is metrizable by [16, Theorem 4.3]. 
Remark 3.7. [0,ω1) with the order topology is a wcc, w	, θ -space which is not metrizable [16, Example 4.12].
In [10, Example 15], it is described that there exists an MCP space which is not preserved by a closed map. On the
other hand, weak contraconvergence is preserved by a closed map. The following two theorems are proved by analogy
to the proofs of Theorems 2.2 and 2.3.
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Theorem 3.9. Let f :X → Y be a quasi-perfect map. If X is a wcc-space, then Y is wcc.
The first statement of the following corollary slightly strengthens [32, Theorem 12], [31, Theorem 3].
Corollary 3.10. Let f be a closed map from a T1-space X onto a q-space Y . Then the following statements hold.
(1) If X is a wcc-space, then Y is wN.
(2) If X is a contraconvergent space, then Y is Nagata.
Proof. (1) follows from Theorems 3.5 and 3.8 and (2) follows from Theorems 2.1 and 2.2. 
The following example asserts that ks-spaces or wcc-spaces are not necessarily preserved by finite-to-one open,
compact-covering maps.
Example 3.11. Michael [25, Example 9.1] gave the finite-to-one open, compact-covering and sequence-covering map
from a completely metrizable space X to a metacompact, locally completely metrizable, non-metrizable Tychonoff
space Y which is not ˘Cech-complete. Then Y is a semistratifiable γ , Moore space [9, Corollary 2.3, Theorem 4.1],
[16, Remark 4.8]. If Y is ks or wcc, then Y is metrizable by [33, Theorem 3] or Corollary 3.6, which is a contradiction.
Also, from [5, Example 6.6], one can see that ks-spaces or wcc-spaces are not necessarily preserved by two-to-one
open maps.
Note that every metacompact locally metrizable, wcc (or ks), T2-space is γ [9, Theorem 4.2] and hence, metrizable.
Theorem 3.12. Let f :X → Y be a quasi-perfect map. If Y is a wcc-space, then X is a wcc-space.
Proof. Let ({hn(y)} | y ∈ Y) be a wcc-structure of Y . For any y ∈ Y , any x ∈ f−1(y) and each n ∈ N, let gn(x) =
f−1(hn(y)). Then ({gn(x)} | x ∈ X) is a g-structure of X. Suppose that un ∈ gn(xn) (n 1) and p is a cluster point
of {un}n. Let yn = f (xn) for each n ∈ N. Then f (un) ∈ hn(yn) (n  1) and f (p) is a cluster point of {f (un)}n.
Therefore the sequence {yn} has a cluster point q . Let Ak = {xn | n  k} for each k ∈ N. Then there exists x ∈⋂
k1(Ak ∩ f−1(q)) and hence, x is a cluster point of {xn}n. This implies that X is a wcc-space. 
Corollary 3.13. Let f :X → Y be a quasi-perfect map. If X is a γ,T2-space and Y is a wcc-space, then both X and
Y are metrizable.
Proof. Since X is a wcc-, γ -, T2-space, X is metrizable by Corollary 3.6. Since f is perfect, Y also is metrizable. 
Proposition 3.14. (See [10].) Let f :X → Y be a quasi-perfect map. If Y is a β-space, then X is β-space.
The proof is similar to that of Theorem 3.12.
Note that the closed image of a β-space is β , which is proved without the T1-hypothesis in Case 1 of Theorem 2.2.
Proposition 3.15. Let f :X → Y be a quasi-perfect map. If Y is a q-space, then X is a q-space.
Proof. Let ({hn(y)} | y ∈ Y) be a q-structure of Y . Then for any y ∈ Y , any x ∈ f−1(y) and each n ∈ N, let gn(x) =
f−1(hn(y)). To see that ({gn(x)} | x ∈ X) is a q-structure of X, suppose that xn ∈ gn(x) (n 1). Let y = f (x) and
yn = f (xn) (n 1). Then yn ∈ hn(y) (n 1) and therefore, the sequence {yn} has a cluster point q . Then, we can see
that X is a q-space by analogy to the proof of Theorem 3.12. 
Although the perfect pre-image of a Nagata space is not necessarily Nagata by Example 2.4, the following theorem
follows from Theorems 3.5, 3.12 and Proposition 3.15.
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Let f be a closed map from a space X onto a q-space Y . Then, it is well known that ∂f−1(y) is countably compact
if X is normal [24] or countably paracompact [31]. Although wcc-spaces are not necessarily countably paracompact,
the similar result follows.
Theorem 3.17. Let f :X → Y be a closed map. If X is a wcc, T1-space and Y is a q-space, then ∂f−1(y) is countably
compact for any y ∈ Y .
Moreover if X is semistratifiable T2, then ∂f−1(y) is compact.
Proof. Let ({gn(x)} | x ∈ X) be a wcc-structure of X and let ({hn(y)} | y ∈ Y) be a q-structure of Y . Suppose that there
exists a discrete sequence {xn} of ∂f−1(y) for some y ∈ Y . Since xn ∈ f−1(hn(y)) (n  1), there exists a sequence
{zn} such that f (zn) ∈ hn(y), zn ∈ gn(xn) (n  1) and f (zm) = f (zn) for m = n. Then {zn}n is discrete in X and
hence, {f (zn)} is discrete, which contradicts the fact that f (zn) ∈ hn(y) (n 1).
If X is semistratifiable T2, then ∂f−1(y) has a Gδ-diagonal and therefore, it is compact metrizable. 
Lutzer [21, Example 4.3] showed that there exists the perfect map from the Nagata space which is not of countable
type to the space which is not q . In Theorem 3.17 we consider conditions for Y to be a q-space when ∂f−1(y) is
compact. For this reason, we present the following two properties of a space X.
(a) X is a wcc, semistratifiable T1-space and every compact subset has a countable character.
(b) X is a Nagata space of countable type, where X is of countable type if every compact subset of X is contained in
a compact subset of countable character.
Condition (a) is strictly weaker than (b) since the space X in Example 4.10 below satisfies (a) but is not ks.
Corollary 3.18. Suppose that X satisfies (a) or (b). Then for a closed map f :X → Y , the following conditions are
equivalent.
(1) Y satisfies (a) or (b), respectively.
(2) Y is a q-space.
(3) ∂f−1(y) is compact for any y ∈ Y .
Proof. First, suppose that X satisfies (a). Then (1) ⇒ (2) is evident and (2) ⇒ (3) follows from [6, Corollary 2.9].
(3) ⇒ (1) Since one can assume that the map f is perfect and all properties of X are preserved by a perfect map,
the implication is proved.
Suppose that X satisfies (b). Since Y is of countable type [1, Theorem 3.10], Y is a Nagata space by Corollary 3.10.
This asserts (3) ⇒ (1). The implications (1) ⇒ (2) and (2) ⇒ (3) are evident. 
4. Strongly α-structures
Definition 4.1. A space X is called strongly α if for any x ∈ X and each n ∈ N, there exists an open neighborhood
gn(x) of x such that
(a) ⋂n1 gn(x) = {x} and,
(b) gn(y) ⊂ gn(x) if y ∈ gn(x).
Here, we can assume that the sequence {gn(x)} is decreasing.
Evidently, every strongly α-space is a T2-space.
Let consider the following properties (P1) and (P2) of a space X.
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then there exists m ∈ N such that for any p ∈ X, x /∈ Fp or y /∈ Fp for some Fp ∈Fm with p ∈ Fp .
(P2) There exists a sequence {Un} consisting of point-finite open covers of a space X such that, if x = y then there
exists m ∈ N such that for any p ∈ X, x ∈ V or y ∈ V for some V ∈ Um with p /∈ V .
Definition 4.2. A space X is said to have a strong Gδ-diagonal if X has a sequence {Gn} of open covers such that
whenever x = y, there exists m ∈ N satisfying that x /∈ st(p,Gm) or y /∈ st(p,Gm) for any p ∈ X. The sequence {Gn}
is called a strong Gδ-diagonal sequence.
In the realm of paracompact T2-spaces, the existence of a strong Gδ-diagonal is equivalent to the existence of
a Gδ-diagonal since every open cover has an open barycentric refinement [7, Theorem 5.1.12].
Definition 4.3. A space X is called metacompact if every open cover has a point finite open refinement.
Proposition 4.4. Let X be a space.
(1) If X satisfies (P1), then X is strongly α.
(2) If X satisfies (P2), then X is strongly α.
(3) If X is a metacompact space with a strong Gδ-diagonal, then X satisfies (P2).
(4) A submetrizable space X satisfies (P1) and (P2).
Proof. (1) Let {Fn}n be a sequence satisfying the property (P1). For any x ∈ X and each n ∈ N, let
gn(x) = X \⋃{F ∈Fn | x /∈ F }.
We only prove (a) of Definition 4.1. Suppose that y ∈⋂n1 gn(x) and x = y. Choose an m ∈ N such that for any
p ∈ X, x /∈ Fp or y /∈ Fp for some Fp ∈ Fm with p ∈ Fm. Then there exists z ∈ gm(x)∩ gm(y). On the other hand,
z /∈ gm(x) or z /∈ gm(y), which is a contradiction.
(2) Let {Un} be a sequence satisfying the property (P2). Then for any x ∈ X and each n ∈ N, let gn(x) =⋂{U ∈
Un | x ∈ U}. Since (b) of Definition 4.1 is satisfied, we verify (a). Suppose that y ∈⋂n1 gn(x) and x = y. Then there
exists a sequence {zn} satisfying zn ∈ gn(x)∩ gn(y). On the other hand, there exists m ∈ N such that x ∈ V or y ∈ V
for some V ∈ Um with zm /∈ V . This is a contradiction.
(3) Let {Gn} be a strong Gδ-diagonal sequence of X. Then for each n ∈ N, we have a point finite open refinement
Un of Gn. Thus {Un}n satisfies the condition of (P2).
(4) We only prove for (P1). First, we prove that a metric space X has a sequence {Hn} consisting of locally finite
closed covers satisfying (P1). For each n ∈ N, let Sn = {U(x;1/n) | x ∈ X}, where U(x;1/n) is a 1/n-neighborhood
of x, and let Hn be a locally finite closed refinement of Sn. Then, the sequence {Hn} satisfies (P1).
Now, let X be a submetrizable space. Then, there exist a metric space M and a one-to-one onto map f from X
to M . Let {Hn} be a sequence of locally finite closed covers of M which satisfies (P1). Then, the sequence {f−1(Hn)},
where f−1(Hn) = {f−1(H) | H ∈Hn}, satisfies (P1). 
It is easily seen that a development G = {Gn}n of a T2-space X is also a strong Gδ-diagonal sequence. Therefore,
the following corollary holds.
Corollary 4.5. Every metacompact developable T2-space X is a strongly α-space with a strong Gδ-diagonal.
Note that every stratifiable space or Sorgenfrey line is strongly α, because it is a paracompact T2-space with a Gδ-
diagonal.
Theorem 4.6. Let f :X → Y be a finite-to-one open closed map. If X is a strongly α-space, then Y is strongly α.
Proof. Let ({gn(x)} | x ∈ X) be a strongly α-structure of X. For any y ∈ Y and each n ∈ N, let hn(y) =⋂{f (gn(x)) |
x ∈ f−1(y)}. We prove that ({hn(y)} | y ∈ Y) satisfies conditions (a) and (b) of Definition 4.1. Since (b) is proved in
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then u /∈⋂n1 gn(x) for any u ∈ f−1(z). Hence for any u ∈ f−1(z), there exists n(u) ∈ N such that u /∈ gn(u)(x).
Then gn(x)(x)∩ f−1(z) = ∅ for some n(x) ∈ N. Therefore z /∈ f (gn(x)(x)) = f (gn(x)(x)) ⊃ hn(x)(y), which leads to
a contradiction. 
Proposition 4.7. For a strongly α-space X, the following statements hold.
(1) If X is a wcc-space, then X is k-semistratifiable.
(2) If X is a wγ -space, then X is γ .
(3) If X is a wθ -space, then X is θ .
Proof. First, let ({hn(x)} | x ∈ X) be a strongly α-structure of X.
(1) Let ({gn(x)} | x ∈ X) be a wcc-structure of X. Then we can assume that gn(x) ⊂ hn(x).
Since X is T2, it is sufficient to show that X is a ks-space. Let yn ∈ gn(xn) (n 1) and {yn}n → p. Then for any
subsequence {xn(i)} of {xn}n, we have that yn(i) ∈ gn(i)(xn(i)) ⊂ gi(xn(i)) and {yn(i)}i → p. Since X is wcc, {xn(i)}i
has a cluster point q . Let ui = xn(i), vi = yn(i) (i  1). Then vi ∈ gi(ui) (i  1) and, there exists a subsequence {ui(j)}
of {ui}i such that ui(j) ∈ gj (q) ⊂ hj (q). Hence for each j ∈ N,
vi(j) ∈ gj (ui(j)) ⊂ hj (ui(j)) ⊂ hj (q)
and hk(q) ⊂ hj (q) for each k  j . This implies that {vi(k) | k  j} ⊂ hj (q) (j  1) and p ∈ ⋂j1 hj (q) = {q}.
Therefore, any subsequence of {xn}n has a cluster point p, which implies that {xn}n → p.
(2) Let ({gn(x)} | x ∈ X) be a wγ -structure of X. Then we can assume that gn(x) ⊂ hn(x). Suppose that yn ∈
gn(p), xn ∈ gn(yn) (n 1). Then yn ∈ gn(p) ⊂ hn(p) (n 1). Hence for each n ∈ N, xn ∈ gn(yn) ⊂ hn(yn) ⊂ hn(p)
and hence, {xk | k  n} ⊂ hn(p). Since X is wγ , {xn}n has a cluster point x. Therefore x = p, which implies that X
is a γ -space.
(3) Let ({gn(x)} | x ∈ X) be a wθ -structure of X. Then we can assume that gn(x) ⊂ hn(x). Suppose that yn ∈
gn(p), xn,p ∈ gn(yn). Then for each n ∈ N, yn ∈ gn(p) ⊂ hn(p) and hence, xn ∈ gn(yn) ⊂ hn(yn) ⊂ hn(p). Hence,
{xk | k  n} ⊂ hn(p) for each n ∈ N. Since X is wθ , {xn}n has a cluster point x. Therefore x = p, which implies that
X is a θ -space. 
Theorem 4.8. For a space X, the following conditions are equivalent.
(1) X is a metrizable space.
(2) X is a strongly α, wM-space.
(3) X is a strongly α, wcc, wθ -space.
(4) X is a strongly α, ks, wθ -space.
Proof. (1) ⇒ (2) We only prove that X is strongly α. For each n ∈ N, let Sn = {U(x;1/n) | x ∈ X}, where
U(x;1/n) is a 1/n-neighborhood of x and let Fn be a locally finite closed refinement of Sn. Now, let gn(x) = X \⋃{F ∈Fn | x /∈ F } for any x ∈ X and each n ∈ N. Then, we can easily see the following facts. (a) gn(p)∩ gn(xn) = ∅
(n  1) ⇒ {xn}n → p, (b) y ∈ gn(x) ⇒ gn(y) ⊂ gn(x) and (c) ⋂n1 gn(x) = {x}. Therefore ({hn(x)} | x ∈ X) is
a strongly α, Nagata-structure.
(2) ⇒ (3) follows from the fact that a wM-space is wN and wγ [16, Theorem 5.2].
(3) ⇒ (4) follows from Proposition 4.7.
(4) ⇒ (1) Since X is a ks, θ , T2-space by Proposition 4.7, X is metrizable [33, Theorem 3]. 
Remark 4.9. (1) ⇒ (2) of Theorem 4.8 asserts that every metrizable space has a strongly α-structure which satisfies
a Nagata-structure, and every Nagata space has a strongly α-structure by Proposition 4.4. But, no non-metrizable
Nagata space has an α-structure which satisfies a wN-structure simultaneously.
Indeed, suppose that G = ({gn(x)} | x ∈ X) is an α-and wN-structure of a non-metrizable Nagata space X. Then
G is a wcc-structure. Next, we show that G also is a wγ -structure. Let yn ∈ gn(p), xn ∈ gn(yn) (n  1). Then xn ∈
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ture, X is metrizable by Theorem 4.8. This is a contradiction.
Example 4.10. There exists a compact γ , α (hence, semistratifiable), T1-space X which is neither ks nor strongly α.
Moreover, X is of countable type.
Let X be a space (N,O) with the topology O = {G ⊂ N | |N \ G| < ω0}. Then X is a compact T1-space which is
not T2. To see that X is α, let An = {k | k  n} for each n ∈ N. For each x ∈ X and each n ∈ N, let gn(x) = {x} ∪An.
Then G = ({gn(x)} | x ∈ X) is an α-structure and therefore, X is semistratifiable [15, Theorem 5.2]. We show that
G is a γ -structure. Let yn ∈ gn(p), xn ∈ gn(yn) for each n ∈ N. Since G is an α-structure, xn ∈ gn(p) (n  1). If
p /∈ {xn | nm} for some m ∈ N, then xn ∈ An (nm) and {xn}nm is infinite. Hence {xn}n converges to p. Next, if
X is ks, then X is metrizable [33, Theorem 3] and if X is strongly α, then X is T2, which are contradictions. Finally,
we prove that X is of countable type. For any compact subset K of X, let A = {X \ F | F is any finite subset of
X \K}. Then A is a countable base of K .
5. γ -spaces
The irreducible closed images of γ -spaces are not necessarily γ (even q) [24, Example 10.1] (or [7, Prob-
lem 5.5.12]). However, Gitting [9, Theorem 4.1] showed that a finite-to-one open image of a γ -space (a wγ -space)
also is a γ -space (a wγ -space, respectively). In this section, we study closed open images or quasi-perfect images of
γ -spaces or wγ -spaces. For that reason, we need the following lemma.
Lemma 5.1. Let G = ({gn(x)} | x ∈ X) be a g-structure of a space X. Then the following statements hold.
(1) G is a γ -structure if, and only if, the sequence {yn} has a cluster point x whenever yn ∈ gn(xn) (n 1) and the
sequence {xn} has a cluster point x [20] if, and only if, the sequence {yn} → x whenever yn ∈ gn(xn) (n 1) and
the sequence {xn} → x [33].
(2) G is a wγ -structure if, and only if, the sequence {yn} has a cluster point whenever yn ∈ gn(xn) (n 1) and the
sequence {xn} has a cluster point.
Theorem 5.2. Let f :X → Y be a quasi-perfect map. Then the following statements hold.
(1) If X is a γ -space, then Y is γ .
(2) If X is a wγ -space, then Y is wγ .
Proof. Since (2) is proved by analogy to the proof of (1), we only prove (1). Let ({gn(x)} | x ∈ X) be a γ -structure
of X. Then for any point y ∈ Y and each n ∈ N, let hn(y) = [gn(f−1(y))]∗. We now show that the g-structure
({hn(y)} | y ∈ Y) is a γ -structure of Y . Suppose that vn ∈ hn(yn) (n  1) and {yn}n has a cluster point q . Since
f−1(vn) ⊂ gn(f−1(yn)) (n  1), there exist zn ∈ gn(xn) ∩ f−1(vn) for some xn ∈ f−1(yn). Let Ak = {xn | n  k}
for each k ∈ N. Since {Ak ∩ f−1(q) | k  1} is a decreasing sequence of non-empty closed subsets of a countably
compact subspace f−1(q), there exists p ∈⋂k1(Ak ∩ f−1(q)). Therefore p is a cluster point of {xn}n and hence,
p is a cluster point of {zn}n. Consequently, q = f (p) is a cluster point of {vn}n. By Lemma 5.1, Y is a γ -space. 
Example 5.3. θ -spaces are not preserved by quasi-perfect maps.
Indeed, for the θ -space X = [0,ω1) of Remark 3.7, let L be the set of all limit ordinals of X, and let Y = X/L, the
space obtained by identifying L to a point. Let f :X → Y be the quotient map. Then f is quasi-perfect, but Y is not
first countable since L is not a Gδ-set.
Although Example 2.4 asserts that the perfect pre-image of a γ -space is not necessarily γ , the quasi-perfect pre-
images of wγ -spaces also are wγ .
Theorem 5.4. Let f :X → Y be a quasi-perfect map. If Y is a wγ -space, then X is a wγ -space.
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gn(x) = f−1(hn(y)). Thus ({gn(x)} | x ∈ X) is a g-structure of X. Suppose that un ∈ gn(xn) (n 1) and p is a cluster
point of {xn}n. Let yn = f (xn) for each n ∈ N. Then f (un) ∈ hn(yn) (n  1) and f (p) is a cluster point of {yn}n.
Therefore the sequence {f (un)} has a cluster point q . Let Ak = {un | n  k} for each k ∈ N. Then, there exists
u ∈⋂k1(Ak ∩ f−1(q)). Hence u is a cluster point of {un}n. This implies that X is a wγ -space. 
Finally, we consider the closed open images of γ -spaces or wγ -spaces.
Theorem 5.5. Let f :X → Y be a closed, almost-open map. Then the following statements hold.
(1) If X is a γ , T1-space, then Y is γ .
(2) If X is a wγ , T1-space, then Y is wγ .
Proof. The proof of (2) is the same as the proof of (1) by using Lemma 5.1 and therefore, we only prove (1). For
any point y ∈ Y , choose the point y¯ ∈ f−1(y) such that for any open neighborhood U of y¯, y ∈ intf (U). For any
y ∈ Y and each n ∈ N, let hn(y) = intf (gn(y¯)). We now show that the g-structure ({hn(y)} | y ∈ Y) is a γ -structure
of Y . Suppose that vn ∈ hn(yn) (n 1) and q is a cluster point of {yn}n. Then for each n ∈ N, f (un) = vn for some
un ∈ gn(y¯n). We consider two cases.
Case 1. Let q = yn(i) for some subsequence {n(1) < n(2) < · · ·} of N. Then un(i) ∈ gn(i)(y¯n(i)) ⊂ gi(y¯n(i)) for each
i ∈ N. Since y¯n(i) = q¯ (i  1), un(i) ∈ gi(q¯) and q¯ is a cluster point of {un(i)}i . Therefore, q is a cluster point of
{vn(i)}i .
Case 2. Let q /∈ {yn | n  m} for some m ∈ N. Then, there exists w ∈ f−1(q)∩ {y¯n | nm} such that w /∈ {y¯n |
nm}. Thus w is a cluster point of {y¯n | n 1}. Since un ∈ gn(y¯n) (n 1), w is a cluster point of {un}n. Hence, q is
a cluster point of {vn}n. From the above two cases, it follows that Y is a γ -space. 
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